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REAL HYPERSURFACES WITH ISOMETRIC REEB FLOW
IN KA¨HLER MANIFOLDS
JU¨RGEN BERNDT AND YOUNG JIN SUH
Abstract. We investigate the structure of real hypersurfaces with isometric Reeb flow
in Ka¨hler manifolds. As an application we classify real hypersurfaces with isometric
Reeb flow in irreducible Hermitian symmetric spaces of compact type.
1. Introduction
In this article we investigate the Reeb vector flow on real hypersurfaces in Ka¨hler
manifolds. Let M be a connected orientable real hypersurface in a Ka¨hler manifold M¯
and ζ be a unit normal vector field on M . Denote by J the complex structure on M¯ . The
tangent vector field ξ = −Jζ on M is the Reeb vector field on M and its flow is the Reeb
flow on M . The dynamics of the Reeb vector field is an important topic in the context of
contact geometry. Here we consider the Reeb vector field in the context of almost contact
geometry, which is the geometry that is naturally induced on real hypersurfaces in Ka¨hler
manifolds.
The paper consists of two main parts. In the first part we develop a general struc-
ture theory for real hypersurfaces in Ka¨hler manifolds for which the Reeb flow preserves
the induced metric. This condition is of interest for example in the Ka¨hler reduction
construction of minimal Lagrangian submanifolds in Ka¨hler quotients. We derive some
general equations involving geometric objects such as shape operators and curvature ten-
sors. From these equations we will extract some interesting geometric information. For
example, if the Ka¨hler manifold is an irreducible Hermitian symmetric space of compact
type, we can deduce that the flow lines of the Reeb flow must be closed curves, which is
one of the main questions generally asked in relation to the Reeb flow.
In the second part we apply the general theory to classify real hypersurfaces with
isometric Reeb flow in irreducible Hermitian symmetric spaces of compact type. We
first review the structure theory of Hermitian symmetric spaces of compact type. These
particular symmetric spaces correspond, via the Borel-de Siebenthal construction method,
to simple roots whose coefficient in the highest root of the root space decomposition of
a complex semisimple Lie algebra is equal to one. This allows us, using Chevalley bases,
to construct algebraic models of Hermitian symmetric spaces of compact type. With a
mixture of algebraic and geometric methods, and using the results of the first part, we
obtain the following classification result:
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Theorem 1.1. Let M be a connected orientable real hypersurface in an irreducible Her-
mitian symmetric space M¯ of compact type. If the Reeb flow on M is an isometric flow,
then M is congruent to an open part of a tube of radius 0 < t < π/
√
2 around the totally
geodesic submanifold Σ in M¯ , where
(i) M¯ = CP r = SUr+1/S(U1Ur) and Σ = CP
k, 0 ≤ k ≤ r − 1;
(ii) M¯ = Gk(C
r+1) = SUr+1/S(UkUr+1−k) and Σ = Gk(Cr), 2 ≤ k ≤ r+12 ;
(iii) M¯ = G+2 (R
2r) = SO2r/SO2r−2SO2 and Σ = CP r−1, 3 ≤ r;
(iv) M¯ = SO2r/Ur and Σ = SO2r−2/Ur−1, 5 ≤ r.
Conversely, the Reeb flow on any of these hypersurfaces is an isometric flow.
The underlying Riemannian metric on M¯ in Theorem 1.1 is the one that is induced
naturally by the Killing form of the Lie algebra of the isometry group. As an immediate
consequence of Theorem 1.1 we obtain the following nonexistence result:
Corollary 1.2. There are no real hypersurfaces with isometric Reeb flow in the Hermitian
symmetric spaces G+2 (R
2r+1) (2 ≤ r), Spr/Ur (3 ≤ r), E6/Spin10U1 and E7/E6U1.
In Section 3 we will explain how all irreducible Hermitian symmetric spaces of compact
type are constructed from the root systems of type (Ar), (Br), (Cr), (Dr), (E6) and (E7).
Corollary 1.2 can be rephrased in terms of root systems as follows:
Corollary 1.3. An irreducible Hermitian symmetric space of compact type admits a real
hypersurface with isometric Reeb flow if and only if the underlying root system is of type
(Ar) or (Dr).
We emphasize that this is an observation based on the classification result. We have
no direct explanation of this fact and it would be interesting to find a direct argument.
All the real hypersurfaces in Theorem 1.1 are orbits of cohomogeneity one actions and
therefore homogeneous. This gives as another consequence:
Corollary 1.4. Any connected orientable real hypersurface M with isometric Reeb flow
in an irreducible Hermitian symmetric space of compact type is locally homogeneous. In
particular, if M is complete, then M is homogeneous.
It is remarkable that the existence of this one-parameter group of isometries implies
(local) homogeneity and therefore has such a strong influence on the geometry of M .
We give a brief sketch of the proof. Using methods from Riemannian geometry and
the recently developed theory about the index of symmetric spaces, we first show that
M has constant principal curvatures and that the geometry of M is in some sense nicely
adapted to the geometry of the ambient space M¯ . We then reformulate this is in algebraic
terms using algebraic models for the Hermitian symmetric spaces of compact type that
are based on Borel-de Siebenthal theory. Using Lie algebraic methods we show that the
normal vectors ofM correspond to the highest root in the algebraic model. The geometric
interpretation of this is that the geodesics in M¯ that intersect M perpendicularly are
closed geodesics in M¯ of shortest length. We then apply Jacobi field theory to prove that
M has two totally geodesic complex focal sets. Rigidity of totally geodesic submanifolds
tells us that M must lie on a tube around each of its two focal sets. The problem we
are now facing is that totally geodesic submanifolds in Hermitian symmetric spaces are
not classified (except for rank 1 and 2), and so we need further arguments to determine
the structure of the focal sets. This is finally achieved by investigating representations of
certain compact Lie algebras.
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2. Structure theory of real hypersurfaces with isometric Reeb flow
In this section we investigate the geometry of real hypersurfaces with isometric Reeb
flow in Ka¨hler manifolds and, in some more depth, in Hermitian symmetric spaces. For
general background on Ka¨hler manifolds, including the curvature identities we are using
in this section, we refer the reader to [2]. A good resource for Hermitian symmetric spaces
is [11].
Let M¯ be a Ka¨hler manifold. We denote by g the Riemannian metric, by J the Ka¨hler
structure, by ∇¯ the Levi Civita covariant derivative and by R¯ the Riemannian curvature
tensor on M¯ .
Let M be a connected orientable real hypersurface in M¯ . We denote also by g the
Riemannian metric on M that is induced from the one on M¯ . Since M is orientable,
there exists a global unit normal vector field ζ on M . The vector field ξ = −Jζ is
the so-called Reeb vector field on M . The one-form on M dual to ξ is denote by η,
that is, η(X) = g(X, ξ), X ∈ TM . The structure tensor φ on M is defined by φX =
JX − g(JX, ζ)ζ = JX − η(X)ζ . We denote by ∇ the Levi Civita covariant derivative
on M and by S the shape operator of M with respect to ζ . The normal Jacobi operator
R¯ζ on M is defined by R¯ζX = R¯(X, ζ)ζ . We denote by C = ker(η) the maximal complex
subbundle of the tangent bundle TM of M and by XC the orthogonal projection of
X ∈ TpM¯ , p ∈ M , onto Cp.
We first develop some general theory for real hypersurfaces for which the Reeb flow is
a geodesic flow, that is, each integral curve of ξ is a geodesic in M . Such hypersurfaces
are also known in the literature as Hopf hypersurfaces. We start with a simple but very
useful observation.
Proposition 2.1. A connected orientable real hypersurface M in a Ka¨hler manifold M¯
has geodesic Reeb flow if and only if ξ is a principal curvature vector of M everywhere.
Proof. The Reeb flow on M is a geodesic flow if and only if ∇ξξ = 0. The Gauß and
Weingarten formulae imply g(∇ξξ,X) = −g(∇¯ξJζ,X) = −g(J∇¯ξζ,X) = g(JSξ,X) =
g(φSξ,X) for all vector fields X on M . It follows that ∇ξξ = 0 if and only if φSξ = 0.
The latter equation means that Sξ ∈ ker(φ) = Rξ. 
If ξ is a principal curvature vector of M everywhere, we denote by a = g(Sξ, ξ) the
corresponding principal curvature function on M , so Sξ = aξ.
The following result relates some geometric objects on M when the Reeb flow is a
geodesic flow.
Proposition 2.2. Let M be a connected orientable real hypersurface with geodesic Reeb
flow in a Ka¨hler manifold M¯ . Then
ag((Sφ+ φS)X, Y )− 2g(SφSX, Y )
= g(R¯JξX, JY )− g(R¯JξY, JX) + g(R¯Jξξ, JX)η(Y )− g(R¯Jξξ, JY )η(X).
Proof. Using the Codazzi equation we get
g(R¯(X, Y )ξ, Jξ) = g((∇XS)Y − (∇Y S)X, ξ) = g((∇XS)ξ, Y )− g((∇Y S)ξ,X)
= da(X)η(Y )− da(Y )η(X) + ag((Sφ+ φS)X, Y )− 2g(SφSX, Y ).
Inserting Y = ξ yields
da(X) = da(ξ)η(X) + g(R¯(X, ξ)ξ, Jξ) = da(ξ)η(X)− g(R¯Jξξ, JX),
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and inserting this equation and the corresponding one for da(Y ) into the previous equation
gives
ag((Sφ+ φS)X, Y )− 2g(SφSX, Y )
= g(R¯(X, Y )ξ, Jξ) + g(R¯Jξξ, JX)η(Y )− g(R¯Jξξ, JY )η(X).
Finally, using the algebraic Bianchi identity, we get
g(R¯(X, Y )ξ, Jξ) = −g(R¯(Y, ξ)X, Jξ)− g(R¯(ξ,X)Y, Jξ)
= −g(R¯(JY, Jξ)X, Jξ)− g(R¯(Jξ, JX)Y, Jξ)
= g(R¯(JY, Jξ)Jξ,X)− g(R¯(Jξ, JX)Y, Jξ)
= g(R¯JξX, JY )− g(R¯JξY, JX).
This finishes the proof. 
Using the fact that for Hermitian symmetric spaces the Riemannian curvature tensor
is parallel, we obtain an alternative equation involving Sφ+ φS.
Proposition 2.3. Let M be a connected orientable real hypersurface with geodesic Reeb
flow in an Hermitian symmetric space M¯ . Then
da(ξ)g((Sφ+ φS)X, Y )
= η(X)g(R¯Jξξ, SY )− η(Y )g(R¯Jξξ, SX)− aη(X)g(R¯Jξξ, Y ) + aη(Y )g(R¯Jξξ,X)
+ 3g(R¯JξJY, JSX)− 3g(R¯JξJX, JSY ) + g(R¯JξY, SX)− g(R¯JξX,SY ).
Proof. From
da(X) = da(ξ)η(X)− g(R¯Jξξ, JX) = da(ξ)η(X)− g(R¯(ξ, Jξ)Jξ, JX)
we get
gradMa = da(ξ)ξ + JR¯Jξξ − g(R¯Jξξ, ξ)Jξ
and hence
hessa(X, Y ) = g(∇XgradMa, Y ) = Xda(Y )− da(∇XY ).
As the Hessian of a function is symmetric, we have
0 = hessa(X, Y )− hessa(Y,X) = Xda(Y )− Y da(X)− da([X, Y ]).
Since M¯ is an Hermitian symmetric space, we have ∇¯R¯ = 0 and ∇¯J = 0. Using these
identities we first calculate Xda(Y ) by
Xda(Y ) = X(da(ξ)η(Y )− g(R¯(ξ, Jξ)Jξ, JY ))
= (Xda(ξ))η(Y ) + da(ξ)(Xη(Y ))−Xg(R¯(ξ, Jξ)Jξ, JY )
= hessa(X, ξ)η(Y ) + da(∇Xξ)η(Y ) + da(ξ)η(∇XY ) + da(ξ)g(Y,∇Xξ)
− g(∇¯XR¯(ξ, Jξ)Jξ, JY )− g(R¯(ξ, Jξ)Jξ, ∇¯XJY )
= hessa(X, ξ)η(Y ) + da(φSX)η(Y ) + da(ξ)η(∇XY ) + da(ξ)g(Y, φSX)
− g(R¯(∇¯Xξ, Jξ)Jξ, JY )− g(R¯(ξ, ∇¯XJξ)Jξ, JY )− g(R¯(ξ, Jξ)∇¯XJξ, JY )
− g(R¯(ξ, Jξ)Jξ, ∇¯XJY )
= hessa(X, ξ)η(Y ) + da(φSX)η(Y ) + da(ξ)η(∇XY ) + da(ξ)g(Y, φSX)
− 2g(R¯(∇¯Xξ, Jξ)Jξ, JY )− g(R¯(ξ, Jξ)∇¯Xξ, Y )− g(R¯(ξ, Jξ)Jξ, J∇¯XY )
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= hessa(X, ξ)η(Y ) + da(φSX)η(Y ) + da(ξ)η(∇XY ) + da(ξ)g(Y, φSX)
− 2g(R¯(JSX, Jξ)Jξ, JY )− g(R¯(ξ, Jξ)JSX, Y )− g(R¯(ξ, Jξ)Jξ, J∇¯XY ).
This implies
0 = Xda(Y )− Y da(X)− da([X, Y ])
= hessa(X, ξ)η(Y ) + da(φSX)η(Y ) + da(ξ)η(∇XY ) + da(ξ)g(Y, φSX)
− 2g(R¯(JSX, Jξ)Jξ, JY )− g(R¯(ξ, Jξ)JSX, Y )− g(R¯(ξ, Jξ)Jξ, J∇¯XY )
− hessa(Y, ξ)η(X)− da(φSY )η(X)− da(ξ)η(∇YX)− da(ξ)g(X, φSY )
+ 2g(R¯(φSY, Jξ)Jξ, JX) + g(R¯(ξ, Jξ)JSY,X) + g(R¯(ξ, Jξ)Jξ, J∇¯YX)
− da(ξ)η([X, Y ]) + g(R¯(ξ, Jξ)Jξ, J [X, Y ])
= hessa(X, ξ)η(Y ) + da(φSX)η(Y ) + da(ξ)g(Y, φSX)
− 2g(R¯(JSX, Jξ)Jξ, JY )− g(R¯(ξ, Jξ)JSX, Y )
− hessa(Y, ξ)η(X)− da(φSY )η(X)− da(ξ)g(X, φSY )
+ 2g(R¯(JSY, Jξ)Jξ, JX) + g(R¯(ξ, Jξ)JSY,X)
= hessa(X, ξ)η(Y )− hessa(Y, ξ)η(X) + da(φSX)η(Y )− da(φSY )η(X)
+ da(ξ)g((Sφ+ φS)X, Y )
− 2g(R¯(JSX, Jξ)Jξ, JY )− g(R¯(ξ, Jξ)JSX, Y )
+ 2g(R¯(JSY, Jξ)Jξ, JX) + g(R¯(ξ, Jξ)JSY,X).
Inserting Y = ξ gives
hessa(X, ξ) = hessa(ξ, ξ)η(X)− da(φSX) + g(R¯(ξ, Jξ)Jξ, SX)− ag(R¯(ξ, Jξ)Jξ,X).
Inserting this and the analogous equation for hessa(Y, ξ) into the previous equation leads
to
da(ξ)g((Sφ+ φS)X, Y ) = η(X)g(R¯(ξ, Jξ)Jξ, SY )− η(Y )g(R¯(ξ, Jξ)Jξ, SX)
− aη(X)g(R¯(ξ, Jξ)Jξ, Y ) + aη(Y )g(R¯(ξ, Jξ)Jξ,X)
+ 2g(R¯(JSX, Jξ)Jξ, JY ) + g(R¯(ξ, Jξ)JSX, Y )
− 2g(R¯(JSY, Jξ)Jξ, JX)− g(R¯(ξ, Jξ)JSY,X).
Using again the algebraic Bianchi identity, we can rewrite
g(R¯(ξ, Jξ)JSX, Y ) = g(R¯(JSX, Jξ)Jξ, JY ) + g(R¯(Y, Jξ)Jξ, SX).
Inserting this equation, and the corresponding one with X and Y interchanged, into the
previous equation leads to the equation in the assertion. 
As a consequence we derive some useful equations involving the principal curvatures of
M .
Corollary 2.4. Let M be a connected orientable real hypersurface with geodesic Reeb flow
in an Hermitian symmetric space M¯ . Let X, Y ∈ C with SX = bX and SY = cY . Then
we have
(a(b+ c)− 2bc)g(JX, Y ) = g(R¯JξX, JY )− g(R¯JξY, JX)
and
(b+ c)da(ξ)g(JX, Y ) = 3(b− c)g(R¯JξJX, JY ) + (b− c)g(R¯JξX, Y ).
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Proof. The equations follow immediately when inserting X, Y ∈ C with SX = bX and
SY = cY into Proposition 2.2 and Proposition 2.3, respectively. 
We now turn our attention to the situation when the Reeb flow is an isometric flow and
start with a useful characterization.
Proposition 2.5. Let M be a connected orientable real hypersurface in a Ka¨hler manifold
M¯ . Then the Reeb flow on M is an isometric flow if and only if Sφ = φS.
Proof. The Reeb flow on M is an isometric flow if and only if ξ is a Killing vector field.
This is equivalent for ∇ξ to be a skew-symmetric tensor on M , which means
0 = g(∇Xξ, Y ) + g(X,∇Y ξ) = −g(∇¯XJζ, Y )− g(X, ∇¯Y Jζ)
= −g(J∇¯Xζ, Y )− g(X, J∇¯Y ζ) = g(JSX, Y )− g(X, JSY )
= g(φSX, Y )− g(X, φSY ) = g((φS − Sφ)X, Y )
for all vector fields X, Y on M . This implies the assertion. 
If Sφ = φS holds, then 0 = Sφξ = φSξ. From Proposition 2.1 and Proposition 2.5 we
therefore get:
Corollary 2.6. Let M be a connected orientable real hypersurface in a Ka¨hler manifold
M¯ . If the Reeb flow on M is an isometric flow, then it is also a geodesic flow.
The equation Sφ = φS leads to further geometric properties of M . First of all, by
differentiating Sφ = φS we obtain the following result relating the shape operator S, the
structure tensor φ and the normal Jacobi operator R¯Jξ.
Proposition 2.7. Let M be a connected orientable real hypersurface with isometric Reeb
flow in a Ka¨hler manifold M¯ . Then
(S − aI)SφX = R¯JξJX − g(R¯JξJX, ξ)ξ = (R¯JξJX)C.
Proof. Since M has isometric Reeb flow, we have Sφ = φS by Proposition 2.5. Differen-
tiating Sφ = φS covariantly we obtain
(∇XS)φY + S(∇Xφ)Y = (∇Xφ)SY + φ(∇XS)Y.
The tangential part of the Ka¨hler condition (∇¯XJ)Y = 0 on M¯ gives
(∇Xφ)Y = η(Y )SX − g(SX, Y )ξ.
Inserting this into the previous equation leads to
(∇XS)φY − φ(∇XS)Y = ag(SX, Y )ξ − g(SX, SY )ξ + aη(Y )SX − η(Y )S2X.
Taking inner product with a vector field Z tangent to M gives
g((∇XS)Y, φZ) + g((∇XS)Z, φY )
= aη(Z)g(SX, Y )− η(Z)g(SX, SY ) + aη(Y )g(SX,Z)− η(Y )g(SX, SZ),
which implies
g((∇XS)Y, φZ) + g((∇XS)Z, φY ) + g((∇Y S)Z, φX) + g((∇Y S)X, φZ)
− g((∇ZS)X, φY )− g((∇ZS)Y, φX)
= 2aη(Z)g(SX, Y )− 2η(Z)g(SX, SY ).
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The left-hand side of this equation can be rewritten as
2g((∇XS)Y, φZ)− g((∇XS)Y − (∇Y S)X, φZ)
+ g((∇Y S)Z − (∇ZS)Y, φX)− g((∇ZS)X − (∇XS)Z, φY ),
and using the Codazzi equation this implies
2g((∇XS)Y, φZ) = 2aη(Z)g(SX, Y )− 2η(Z)g(SX, SY )
+ g(R¯(X, Y )φZ, Jξ)− g(R¯(Y, Z)φX, Jξ) + g(R¯(Z,X)φY, Jξ).
Replacing Z by φZ, the left-hand side of the previous equation becomes
−2g((∇XS)Y, Z) + 2η(Z)g((∇XS)Y, ξ).
Since
g((∇XS)Y, ξ) = g((∇XS)ξ, Y ) = g(∇X(aξ), Y )− g(S∇Xξ, Y ),
we see that
2da(X)η(Y )η(Z) + 2aη(Z)g(φSX, Y )− 2η(Z)g(SφSX, Y )− 2g((∇XS)Y, Z)
becomes the left-hand side of the previous equation when we replace Z by φZ. Replacing
Z by φZ also on the right-hand side we get
2da(X)η(Y )η(Z) + 2aη(Z)g(φSX, Y )− 2η(Z)g(SφSX, Y )− 2g((∇XS)Y, Z)
= g(R¯(X, Y )φ2Z, Jξ)− g(R¯(Y, φZ)φX, Jξ) + g(R¯(φZ,X)φY, Jξ)
= −g(R¯(X, Y )Jξ, φ2Z)− g(R¯(φX, Jξ)Y, φZ)− g(R¯(φY, Jξ)X, φZ)
= g(R¯(X, Y )Jξ, Z)− η(Z)g(R¯(X, Y )Jξ, ξ)
− g(R¯(φX, Jξ)Y, φZ)− g(R¯(φY, Jξ)X, φZ),
or equivalently,
2g((∇XS)Y, Z) = 2da(X)η(Y )η(Z) + 2aη(Z)g(φSX, Y )− 2η(Z)g(SφSX, Y )
− g(R¯(X, Y )Jξ, Z) + η(Z)g(R¯(X, Y )Jξ, ξ)
+ g(R¯(φX, Jξ)Y, φZ) + g(R¯(φY, Jξ)X, φZ).
Since JZ = φZ + η(Z)Jξ, this implies
2g((∇XS)Y, Z) = {2da(X)η(Y ) + 2ag(φSX, Y )− 2g(SφSX, Y )
−g(R¯(X, Y )ξ, Jξ)− g(R¯(φX, Jξ)Y, Jξ)− g(R¯(φY, Jξ)X, Jξ)} η(Z)
− g(R¯(X, Y )Jξ, Z)− g(JR¯(φX, Jξ)Y, Z)− g(JR¯(φY, Jξ)X,Z).
Since M¯ is a Ka¨hler manifold, we have
g(JR¯(φX, Jξ)Y, Z) = g(R¯(φX, Jξ)JY, Z)
= g(R¯(φX, Jξ)φY, Z) + η(Y )g(R¯(φX, Jξ)Jξ, Z).
The previous equation then becomes
2g((∇XS)Y, Z) = {2da(X)η(Y ) + 2ag(φSX, Y )− 2g(SφSX, Y )
−g(R¯(X, Y )ξ, Jξ)− g(R¯(φX, Jξ)Y, Jξ)− g(R¯(φY, Jξ)X, Jξ)} η(Z)
− η(Y )g(R¯(φX, Jξ)Jξ, Z)− η(X)g(R¯(φY, Jξ)Jξ, Z)
− g(R¯(X, Y )Jξ, Z)− g(R¯(φX, Jξ)φY, Z)− g(R¯(φY, Jξ)φX,Z).
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Inserting Y = ξ and using basic curvature identities for Ka¨hler manifolds, we obtain
2g((∇XS)ξ, Z) =
{
2da(X)− g(R¯(X, ξ)ξ, Jξ) + g(R¯(φX, Jξ)Jξ, ξ)}η(Z)
− g(R¯(φX, Jξ)Jξ, Z)− g(R¯(X, ξ)Jξ, Z)
=
{
2da(X) + g(R¯(JX, Jξ)Jξ, ξ) + g(R¯(φX, Jξ)Jξ, ξ)
}
η(Z)
− g(R¯(φX, Jξ)Jξ, Z)− g(R¯(JX, Jξ)Jξ, Z)
=
{
2da(X) + 2g(R¯(φX, Jξ)Jξ, ξ)
}
η(Z)− 2g(R¯(φX, Jξ)Jξ, Z).
On the other hand, we have
(∇XS)ξ = da(X)ξ + a∇Xξ − S∇Xξ = da(X)ξ + aSφX − S2φX.
Inserting this into the previous equation implies
ag(SφX,Z)− g(S2φX,Z) = g(R¯(φX, Jξ)Jξ, ξ)η(Z)− g(R¯(φX, Jξ)Jξ, Z),
which implies the assertion. 
The next result provides useful information on the eigenspaces of the normal Jacobi
operator if the Reeb flow is an isometric flow.
Proposition 2.8. Let M be a connected orientable real hypersurface with isometric Reeb
flow in a Ka¨hler manifold M¯ . Then we have
g(R¯JξX, Y ) = g(R¯JξJX, JY )
for all X, Y ∈ C.
Proof. For X ∈ C we have φX = JX . From Proposition 2.2 we get
2ag(SJX, JX)− 2g(S2JX, JX) = −g(R¯JξX,X)− g(R¯JξJX, JX),
and from Proposition 2.7 we get
2ag(SJX, JX)− 2g(S2JX, JX) = −2g((S − aI)SJX, JX) = −2g(R¯JξJX, JX).
Comparing both equations leads to g(R¯JξX,X) = g(R¯JξJX, JX) for all X ∈ C. For
X, Y ∈ C we therefore get
2g(R¯JξX, Y ) + g(R¯JξX,X) + g(R¯JξY, Y )
= g(R¯Jξ(X + Y ), X + Y ) = g(R¯JξJ(X + Y ), J(X + Y ))
= g(R¯Jξ(JX + JY ), JX + JY )
= 2g(R¯JξJX, JY ) + g(R¯JξJX, JX) + g(R¯JξJY, JY )
Since g(R¯JξX,X) = g(R¯JξJX, JX) and g(R¯JξY, Y ) = g(R¯JξJY, JY ), the assertion fol-
lows. 
From Proposition 2.8 and Corollary 2.4 we obtain more information on the principal
curvatures.
Corollary 2.9. Let M be a connected orientable real hypersurface with isometric Reeb
flow in an Hermitian symmetric space M¯ . Let X, Y ∈ C with SX = bX and SY = cY .
Then we have
(a(b+ c)− 2bc)g(JX, Y ) = 2g(R¯JξX, JY )
and
(b+ c)da(ξ)g(JX, Y ) = 4(b− c)g(R¯JξX, Y ).
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The next result provides a characterization for the constancy of the principal curvature
function a in terms of a simple condition on the normal Jacobi operator.
Proposition 2.10. Let M be a connected orientable real hypersurface with isometric Reeb
flow in an irreducible Hermitian symmetric space M¯ . Then a is constant if and only if ξ
is an eigenvector of R¯Jξ.
Proof. Recall that Sφ = φS when M has isometric Reeb flow. In Corollary 2.9 we can
thus choose Y = JX and c = b. If also ‖X‖ = 1, we get b2 − ab − g(R¯JξX,X) = 0 and
bda(ξ) = 0.
We first assume that da(ξ) 6= 0 at some point p ∈ M . Then, by continuity, da(ξ) 6=
0 on an open neighborhood U of p in M . The following calculations are valid on U .
From bda(ξ) = 0 we see that SX = 0 for all X ∈ C. From Corollary 2.9 we then get
R¯Jξ(C) = Rξ. Now consider the Codazzi equation g(R¯(X, Y )Z, Jξ) = g((∇XS)Y, Z) −
g((∇Y S)X,Z). For X, Y, Z ∈ C we get g((∇XS)Y, Z) = g(∇XSY, Z)− g(S∇XY, Z) = 0
and hence g(R¯(X, Y )Z, Jξ) = 0. We also get g(R¯(X, Y )Z, ξ) = g(R¯(X, Y )JZ, Jξ) =
g((∇XS)Y, JZ) − g((∇Y S)X, JZ) = 0. Altogether this implies that R¯(C, C)C ⊂ C. In
other words, C is curvature-invariant at each point in U . Thus there exists a totally
geodesic submanifold Σ of M¯ with TpΣ = Cp (see e.g. Theorem 10.3.3 in [3]). Since C
is J-invariant, Σ is a totally geodesic complex hypersurface in M¯ . It follows that the
index of M¯ is at most 2 (see [5]). The only irreducible Hermitian symmetric spaces with
index ≤ 2 are complex projective spaces, complex quadrics and their noncompact dual
symmetric spaces (see [5]), which all admit totally geodesic complex hypersurfaces. In all
these cases it is known that a is constant (see [6, 12, 13, 16]). The assumption da(ξ) 6= 0
therefore leads to a contradiction. Thus we must have da(ξ) = 0.
Since da(X) = da(ξ)η(X)−g(R¯Jξξ, JX) for all X ∈ TM (see proof of Proposition 2.2),
this implies da(X) = −g(R¯Jξξ, JX) for all X ∈ TM . This finishes the proof. 
We now use the previous characterization to show that a is constant when M has
isometric Reeb flow.
Proposition 2.11. Let M be a connected orientable real hypersurface with isometric Reeb
flow in an irreducible Hermitian symmetric space M¯ . Then a is constant.
Proof. We saw in the proof of Proposition 2.10 that da(ξ) = 0. Inserting X = ξ into the
equation in Proposition 2.3 implies 0 = a(g(R¯Jξξ, Y )−η(Y )g(R¯Jξξ, ξ)). If a is nonzero at
some point p ∈M , then, since a is smooth, a is nonzero in some open neighborhood U of
p ∈ M . The previous equation then yields g(R¯Jξξ, Y ) = η(Y )g(R¯Jξξ, ξ) on U and hence
R¯Jξξ ∈ Rξ on U . Proposition 2.10 then implies that a is constant on U . So, whenever a
is nonzero at some point, it is constant in an open neighborhood of that point. Since M
is connected and a is a smooth function, it follows that a is constant on M . 
From Proposition 2.11 and Corollary 2.9 we obtain more information on the principal
curvatures.
Corollary 2.12. Let M be a connected orientable real hypersurface with isometric Reeb
flow in an irreducible Hermitian symmetric space M¯ . Let X, Y ∈ C with SX = bX and
SY = cY . Then we have
(a(b+ c)− 2bc)g(JX, Y ) = 2g(R¯JξX, JY ) and 0 = (b− c)g(R¯JξX, Y ).
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From the second of the two equations in Corollary 2.12 we see that the normal Jacobi
operator R¯Jξ leaves the principal curvature spaces of M invariant. This means that S
and R¯Jξ can be simultaneously diagonalized, or equivalently, R¯JξS = SR¯Jξ. Submanifolds
with such a property are called curvature-adapted (see [7]) or compatible (see [10]). We
thus have:
Corollary 2.13. Let M be a connected orientable real hypersurface with isometric Reeb
flow in an irreducible Hermitian symmetric space M¯ . Then M is curvature-adapted.
From the first of the two equations in Corollary 2.12 we get additional information by
choosing Y = φX = JX and ‖X‖ = 1, namely b2 − ab − κ = 0, where κ ∈ R with
R¯JξX = κX . It follows that the principal curvatures of M are completely determined by
a and the eigenvalues of the normal Jacobi operator.
Recall that a tangent vector X ∈ TpM¯ of a semisimple Riemannian symmetric space
M¯ is said to be regular if there exists a unique connected, complete, totally geodesic
flat submanifold F of M¯ (a so-called maximal flat in M¯) with p ∈ F , X ∈ TpF and
dim(F ) = rk(M¯). Otherwise X is said to be a singular tangent vector of M¯ . It is known
from standard theory of symmetric spaces that every tangent vector is tangent to some
maximal flat. The next result shows that, if the Reeb flow is isometric, then the normal
vectors of M are singular tangent vectors under some mild additional assumptions.
Proposition 2.14. Let M be a connected orientable real hypersurface with isometric
Reeb flow in an irreducible Hermitian symmetric space M¯ with rk(M¯) ≥ 2. Then Jξ is a
singular tangent vector of M¯ everywhere.
Proof. We prove this by contradiction. Assume that Jξp is a regular tangent vector of
M¯ at some point p ∈ M . Then there exists a unique maximal flat F of M¯ with p ∈ F
and Jξp ∈ TpF . It is known that any maximal flat of an irreducible Hermitian symmetric
space is a totally real submanifold. Since dim(F ) = rk(M¯) ≥ 2, there exists a unit vector
X ∈ TpF perpendicular to Jξp. Note that X ∈ Cp since F is totally real. Since F is
totally geodesic in M¯ , the Gauß equation for F in M¯ implies that R¯JξpX = 0. As M
has isometric Reeb flow, we get R¯JξpJX = 0 from Proposition 2.8. In particular, the
sectional curvature K¯(V ) of M¯ with respect to the 2-plane V = RJξp ⊕ RJX ⊂ TpM¯
satisfies K¯(V ) = 0. This contradicts the assumption that Jξp is a regular tangent vector of
M¯ , because the only 2-planes V ⊂ TpM¯ with Jξp ∈ V and K¯(V ) = 0 are those contained
in TpF . 
The next result shows that the normal spaces of a real hypersurface with isometric
Reeb flow generate spaces of constant curvature.
Proposition 2.15. Let M be a connected orientable real hypersurface with isometric Reeb
flow in an irreducible Hermitian symmetric space M¯ of compact type (resp. of noncompact
type). For each p ∈M there exists a totally geodesic complex projective (resp. hyperbolic)
line Σ = CP 1 (resp. Σ = CH1) in M¯ with p ∈ Σ such that TpΣ = Cξp = Rξp ⊕ RJξp.
Proof. Let p ∈M and V = Cξp. From Propositions 2.10 and 2.11 we know that R¯Jξξ = κξ.
Using curvature identities this implies κg(ξ,X) = g(R¯(ξ, Jξ)Jξ,X) = g(R¯(Jξ, ξ)ξ, JX) =
−g(JR¯(Jξ, ξ)ξ,X). Thus −JR¯(Jξ, ξ)ξ = κξ and hence R¯ξJξ = κJξ. It follows that V is
a curvature-invariant subspace of TpM¯ . Thus there exists a connected, complete, totally
geodesic submanifold Σ of M¯ with TpΣ = V . Since V is J-invariant, the submanifold Σ
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is a complex submanifold of M¯ . Moreover, from R¯Jξpξp = κξp we see that Σ has constant
sectional curvature κ.
First assume that κ = 0. Then Σ is a flat totally geodesic submanifold of M¯ and must
be contained in a maximal flat of M¯ . Maximal flats in irreducible Hermitian symmetric
spaces are totally real submanifolds. Hence Σ is totally real, which is a contradiction. It
follows that κ 6= 0.
If M¯ is of compact type, then Σ is a complex projective line CP 1 with constant sectional
curvature κ > 0. If M¯ is of noncompact type, then Σ is a complex hyperbolic line CH1
with constant sectional curvature κ < 0. 
Since every geodesic in complex projective line is closed, we get the following conse-
quence from Corollary 2.6 and Proposition 2.15.
Corollary 2.16. Let M be a connected orientable real hypersurface with isometric Reeb
flow in an irreducible Hermitian symmetric space M¯ of compact type. Then the Reeb flow
lines are closed geodesics in M and the geodesics in M¯ that are perpendicular to M are
closed.
Proof. The second statement follows immediately from Corollary 2.6 and Proposition
2.15. For the first statement, we use the Weingarten formula and Corollary 2.6 to obtain
∇¯ξξ = ∇ξξ+aJξ = aJξ. Differentiating again and using Proposition 2.11 we get ∇¯ξ∇¯ξξ =
a∇¯ξJξ = aJ∇¯ξξ = −a2ξ. Using Proposition 2.15, we conclude that each integral curve
of ξ is a “small” circle in a complex projective line, which is a sphere of positive constant
sectional curvature, and hence a closed curve. 
This finishes the general structure theory for real hypersurfaces with isometric Reeb flow
in Ka¨hler manifolds. In the next sections we will apply this structure theory to investigate
real hypersurfaces with isometric Reeb flow in some Hermitian symmetric spaces, with
the aim to obtain a classification of such hypersurfaces.
3. Structure theory of compact Hermitian symmetric spaces
In this section we present an algebraic model of Hermitian symmetric spaces of com-
pact type based on structure theory of semisimple real and complex Lie algebras. Some
algebraic details can be found for example in the book [15] by Samelson.
Let M¯ be an irreducible Hermitian symmetric space of compact type and G = Io(M¯) be
the identity component of the isometry group of M¯ . We choose and fix a point o ∈ M¯ and
denote by K the isotropy group of G at o. Then M¯ can be realized as the homogeneous
space M¯ = G/K in the usual way. We denote by g and k the Lie algebras of G and K,
respectively. Then g is a simple real Lie algebra.
The isotropy group K has a 1-dimensional center Z and coincides with the centralizer
of Z in G, which implies that K has maximal rank in G. There exists a unique element zo
in the Lie algebra z of Z such that the complex structure J on ToM¯ is given by J = ad(zo).
We will give a more explicit description of zo further below.
Let h be a Cartan subalgebra of k. Since K has maximal rank in G, h is a Cartan
subalgebra of g. Thus the complexification hC of h is a Cartan subalgebra of the com-
plexification gC of g. Let
gC = hC ⊕
(⊕
α∈∆
gα
)
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be the root decomposition of gC with respect to hC. We fix a set {α1, . . . , αr} of simple
roots of ∆ and denote by ∆+ the resulting subset of ∆ consisting of all positive roots.
Let g = k ⊕ p be the Cartan decomposition of g with respect to k. Since [hC, kC] ⊂ kC
and [hC, pC] ⊂ pC, we either have gα ⊂ kC or gα ⊂ pC for each α ∈ ∆. If gα ⊂ kC, then
the root α is compact, and if gα ⊂ pC, then the root α is noncompact. A root α ∈ ∆ is
compact if and only if α(zC) = {0}. Denote by ∆K the set of compact roots and by ∆M
the set of noncompact roots. The decomposition gC = kC ⊕ pC is given by
kC = hC ⊕
(⊕
α∈∆K
gα
)
, pC =
⊕
α∈∆M
gα .
We can be more explicit about this. Let H1, . . . , Hr ∈ hC be the dual basis of α1, . . . , αr
defined by αi(H
j) = δij . There exists an integer k ∈ {1, . . . , r} such that ∆K is generated
by the simple roots α1, . . . , αk−1, αk+1, . . . , αr and the multiplicity of αk in the highest
root δ ∈ ∆+ is equal to one. The complex structure J = ad(zo) on p ∼= ToM¯ is given by
zo = iH
k and we have
∆K = {α ∈ ∆ : α(Hk) = 0} , ∆M = {α ∈ ∆ : α(Hk) = ±1} ,
and thus
kC = hC ⊕

 ⊕
α∈∆
α(Hk)=0
gα

 , pC = ⊕
α∈∆
α(Hk)=±1
gα .
Conversely, if there is a simple root whose coefficient in the highest root is equal to one,
we can construct a Hermitian symmetric space of compact type from it by applying the
Borel-de Siebenthal construction method ([8]).
For each α ∈ ∆ there exists a unique vector hα ∈ [gα, g−α] ⊂ hC, the so-called coroot
corresponding to α, such that α(hα) = 2. Then we have
ih = span of {hα : α ∈ ∆}
and α(ih) = R for all α ∈ ∆. The Killing form B of gC is nondegenerate on hC and positive
definite on ih. Define Hα ∈ hC, the so-called root vector of α, by α(H) = B(Hα, H) for
all H ∈ hC and a positive definite inner product (·, ·) on the dual space (ih)∗ by linear
extension of (αν , αµ) = B(Hαν , Hαµ). Then we have hα =
2
(α,α)
Hα for all α ∈ ∆.
For α, β ∈ ∆ with β 6= ±α the α-string containing β is the set of roots
β − pα,βα, . . . , β − α, β, β + α, . . . , β + qα,βα ∈ ∆
with pα,β, qα,β ∈ Z and pα,β, qα,β ≥ 0 so that β− (pα,β +1)α /∈ ∆ and β+(qα,β +1)α /∈ ∆.
The α-string containing β contains at most four roots. The Cartan integer cβ,α of α, β ∈ ∆
is defined by
cβ,α = β(hα) = B(hα, Hβ) =
2
(α, α)
B(Hβ, Hα) = 2
(β, α)
(α, α)
∈ {0,±1,±2,±3}.
The Cartan integer cβ,α is related to the α-string containing β by
cβ,α = pα,β − qα,β.
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For each nonzero eα ∈ gα there exists e−α ∈ g−α such that B(eα, e−α) = 2(α,α) . For such
vectors we have
[eα, e−α] = hα , [hα, eα] = 2eα , [hα, e−α] = −2e−α.
Since all root spaces are one-dimensional, there exists for all α, β ∈ ∆ with α + β ∈ ∆
numbers Nα,β ∈ C such that
[eα, eβ] = Nα,βeα+β .
We put Nα,β = 0 if α + β /∈ ∆. It is possible to choose the vectors eα in such a way so
that Nα,β = −N−α,−β holds. We put hν = hαν . Then the vectors hν , eα (ν ∈ {1, . . . , r},
α ∈ ∆) form a basis of gC, a so-called Chevalley basis, with the properties
(1) [hν , hµ] = 0 for all ν, µ ∈ {1, . . . , r};
(2) [hν , eα] = α(hν)eα = cα,ανeα for all ν ∈ {1, . . . , r} and α ∈ ∆;
(3) For all α ∈ ∆ there exists c1, . . . , cr ∈ Z such that [eα, e−α] = c1h1 + . . .+ crhr;
(4) For all α, β ∈ ∆ with α+ β 6= 0 we have [eα, eβ] = Nα,βeα+β , where
(i) Nα,β = 0 if α + β /∈ ∆;
(ii) Nα,β = ±(pα,β + 1) if α + β ∈ ∆ (see [15] about the sign ambiguity).
Some of the useful properties of the integers Nα,β are:
(1) Nα,β = −Nβ,α = −N−α,−β = Nβ,−α−β = N−α−β,α for all α, β ∈ ∆;
(2)
Nα,β
(γ,γ)
=
Nβ,γ
(α,α)
= Nγ,α
(β,β)
for all pairwise independent α, β, γ ∈ ∆ with α + β + γ = 0;
(3) N2α,β =
1
2
(pα,β + 1)qα,β(α, α);
(4) Nδ,−ǫNγ,ζ−γ+N−ǫ,γNδ,ζ−δ = Nγ,δN−ǫ,−ζ
(ζ,ζ)
(η,η)
for all γ, δ, ǫ, ζ ∈ ∆+ with γ+δ = ǫ+ζ
and δ ≤ ζ ≤ ǫ ≤ γ.
From (3) we deduce pα,β + 1 =
1
2
qα,β(α, α). In particular, qα,β =
2
(α,α)
= B(eα, e−α) if
pα,β = 0.
For each α ∈ ∆ we now define
uα = eα − e−α , vα = i(eα + e−α).
Then the compact real form g of gC is given by
g = h⊕
(⊕
α∈∆+
(Ruα ⊕ Rvα)
)
.
The Cartan decomposition g = k⊕ p then obviously is given by
k = h⊕

⊕
α∈∆+K
(Ruα ⊕ Rvα)

 , p = ⊕
α∈∆+M
(Ruα ⊕ Rvα),
where ∆+K = ∆K ∩ ∆+ and ∆+M = ∆M ∩ ∆+. The complex structure J = ad(iHk) acts
on p ∼= ToM¯ by
Juα = vα , Jvα = −uα (α ∈ ∆+M).
By defining
Cuα = Ruα ⊕ RJuα = Ruα ⊕ Rvα
for α ∈ ∆+M , we can write
p =
⊕
α∈∆+M
Cuα.
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The following equations will be used later without referring to them explicitly:
(1) [h, uα] = −iα(h)vα for all h ∈ h and α ∈ ∆;
(2) [h, vα] = iα(h)uα for all h ∈ h and α ∈ ∆;
(3) [uα, vα] = 2ihα for all α ∈ ∆;
(4) [uα, uβ] = Nα,βuβ+α −N−α,βuβ−α for all α, β ∈ ∆ with β 6= ±α;
(5) [vα, vβ] = −Nα,βuβ+α −N−α,βuβ−α for all α, β ∈ ∆ with β 6= ±α;
(6) [uα, vβ] = Nα,βvβ+α −N−α,βvβ−α for all α, β ∈ ∆ with β 6= ±α;
(7) B(uα, uβ) = B(uα, vβ) = B(vα, vβ) = 0 for all α, β ∈ ∆ with β 6= ±α;
(8) B(uα, uα) = B(vα, vα) = −2 for all α ∈ ∆.
From (7) and (8) we see that the vectors 1√
2
uα, α ∈ ∆+M , provide a complex orthonormal
basis of the tangent space ToM¯ ∼= p. For all α, β ∈ ∆+M , α+β /∈ ∆ since (α+β)(Hk) = 2
and the coefficient of αk in the highest root δ is 1. This implies
(4’) [uα, uβ] = −N−α,βuβ−α for all α, β ∈ ∆+M ;
(5’) [vα, vβ] = −N−α,βuβ−α for all α, β ∈ ∆+M ;
(6’) [uα, vβ] = −N−α,βvβ−α for all α, β ∈ ∆+M .
Note that, since α + β /∈ ∆, the (−α)-string containing β starts with β and therefore
N−α,β = ±1.
We finally list the root systems and corresponding Hermitian symmetric spaces. We
also include the extended Dynkin diagrams for {α1, . . . , αr,−δ}.
(Ar) V = {v ∈ Rr+1 : 〈v, e1 + . . .+ er+1〉 = 0}, r ≥ 1;
∆ = {eν − eµ : ν 6= µ}; ∆+ = {eν − eµ : ν < µ};
α1 = e1 − e2, . . . , αr = er − er+1;
δ = α1 + . . .+ αr = e1 − er+1;
	
 	
 	
 	

×
α1 α2 αr−1 αr
♦♦♦♦♦♦♦♦♦♦♦♦
❖❖❖❖❖❖❖❖❖❖❖❖
For each k ∈ {1, . . . , r}, the coefficient of αk in δ is equal to one and the correspond-
ing Hermitian symmetric space is the complex Grassmann manifold Gk(C
r+1) =
SUr+1/S(UkUr+1−k). Since αk and αr+1−k lead to isometric Grassmann manifolds
Gk(C
r+1) ∼= Gr+1−k(Cr+1), we will always assume 2k ≤ r + 1. Then
∆+M = {αν + . . .+ αµ : 1 ≤ ν ≤ k ≤ µ ≤ r}
= {eν − eµ+1 : 1 ≤ ν ≤ k ≤ µ ≤ r}.
(Br) V = R
r, r ≥ 2;
∆ = {±eν ± eµ : ν < µ} ∪ {±eν}; ∆+ = {eν ± eµ : ν < µ} ∪ {eν};
α1 = e1 − e2, . . . , αr−1 = er−1 − er, αr = er;
δ = α1 + 2α2 + . . .+ 2αr = e1 + e2;
	
 	
 	
 	
 	

×
α1 α2 αr−2 αr−1 αr
+3
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The coefficient of α1 in δ is equal to one and the corresponding Hermitian sym-
metric space is the real Grassmann manifold G+2 (R
2r+1) = SO2r+1/SO2r−1SO2.
Then
∆+M = {α1 + . . .+ αµ : 1 ≤ µ ≤ r}
∪ {α1 + . . .+ αµ + 2αµ+1 + . . .+ 2αr : 1 ≤ µ < r}
= {e1 ± eµ+1 : 1 ≤ µ < r} ∪ {e1}.
(Cr) V = R
r, r ≥ 3;
∆ = {±eν ± eµ : ν < µ} ∪ {±2eν}; ∆+ = {eν ± eµ : ν < µ} ∪ {2eν};
α1 = e1 − e2, . . . , αr−1 = er−1 − er, αr = 2er;
δ = 2α1 + . . .+ 2αr−1 + αr = 2e1;
	
 	
 	
 	
 	
×
α1 α2 αr−2 αr−1 αr
ks+3
The coefficient of αr in δ is equal to one and the corresponding Hermitian sym-
metric space is Spr/Ur. Then
∆+M = {αν + . . .+ αµ−1 + 2αµ + . . .+ 2αr−1 + αr : 1 ≤ ν < µ ≤ r}
∪ {2αν + . . .+ 2αr−1 + αr : 1 ≤ ν ≤ r}
= {eν + eµ : 1 ≤ ν < µ ≤ r} ∪ {2eν : 1 ≤ ν ≤ r}.
(Dr) V = R
r, r ≥ 4;
∆ = {±eν ± eµ : ν < µ}; ∆+ = {eν ± eµ : ν < µ};
α1 = e1 − e2, . . . , αr−1 = er−1 − er, αr = er−1 + er;
δ = α1 + 2α2 + . . .+ 2αr−2 + αr−1 + αr = e1 + e2;
	
 	
 	
 	

	

	

×
α1 α2 αr−3 αr−2
αr−1
αr
♦♦♦♦♦♦
❖❖
❖❖
❖❖
The coefficient of α1 in δ is equal to one and the corresponding Hermitian sym-
metric space is the real Grassmann manifold G+2 (R
2r) = SO2r/SO2r−2SO2. Then
∆+M = {α1 + . . .+ αµ : 1 ≤ µ ≤ r} ∪ {α1 + . . .+ αr−2 + αr}
∪ {α1 + . . .+ αµ−1 + 2αµ + . . .+ 2αr−2 + αr−1 + αr : 2 ≤ µ ≤ r − 2}
= {e1 ± eµ : 2 ≤ µ ≤ r}.
The coefficient of αr in δ is equal to one and the corresponding Hermitian
symmetric space is SO2r/Ur. (The Dynkin diagram symmetry implies that αr−1
leads to an isometric copy of SO2r/Ur and so we omit this case.) Then
∆+M = {αν + . . .+ αr−2 + αr : 1 ≤ ν ≤ r − 2} ∪ {αr}
∪ {αν + . . .+ αµ−1 + 2αµ + . . .+ 2αr−2 + αr−1 + αr : 1 ≤ ν < µ ≤ r − 1}
= {eν + eµ : 1 ≤ ν < µ ≤ r}.
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(E6) V = {v ∈ R8 : 〈v, e6 − e7〉 = 〈v, e7 + e8〉 = 0};
∆ = {±eν ± eµ : ν < µ ≤ 5} ∪ {12
∑8
ν=1(−1)n(ν)eν ∈ V :
∑8
ν=1 n(ν) even};
∆+ = {eν ± eµ : ν > µ} ∪ {12(
∑5
ν=1(−1)n(ν)eν − e6 − e7 + e8) :
∑5
ν=1 n(ν) even};
α1 =
1
2
(e1 − e2 − e3 − e4 − e5 − e6 − e7 + e8),
α2 = e1 + e2, α3 = e2 − e1, α4 = e3 − e2, α5 = e4 − e3, α6 = e5 − e4;
δ = α1 + 2α2 + 2α3 + 3α4 + 2α5 + α6 =
1
2
(e1 + e2 + e3 + e4 + e5 − e6 − e7 + e8);
	

	

	
 	
 	
 	

×
α1
α2
α3 α4 α5 α6
The coefficient of α6 in δ is equal to one and the corresponding Hermitian sym-
metric space is E6/Spin10U1. (The Dynkin diagram symmetry implies that α1
leads to an isometric copy of E6/Spin10U1 and so we omit this case.) The set ∆
+
M
consists of the following 16 positive roots:
0
0 0 0 0 1
0
0 0 0 1 1
0
0 0 1 1 1
0
0 1 1 1 1
1
0 0 1 1 1
1
0 1 1 1 1
1
0 1 2 1 1
1
0 1 2 2 1
0
1 1 1 1 1
1
1 1 1 1 1
1
1 1 2 1 1
1
1 2 2 1 1
1
1 1 2 2 1
1
1 2 2 2 1
1
1 2 3 2 1
2
1 2 3 2 1
Equivalently, ∆+M consists of
∆+M = {e5 ± eµ : 5 > µ}
∪
{
1
2
(
4∑
ν=1
(−1)n(ν)eν + e5 − e6 − e7 + e8
)
:
4∑
ν=1
n(ν) even
}
.
(E7) V = {v ∈ R8 : 〈v, e7 + e8〉 = 0};
∆ = {±eν ± eµ : ν < µ ≤ 6} ∪ {±(e7 − e8)}
∪ {1
2
∑8
ν=1(−1)n(ν)eν ∈ V :
∑8
ν=1 n(ν) even};
∆+ = {eν±eµ : ν > µ}∪{e8−e7}∪{12(
∑6
ν=1(−1)n(ν)eν−e7+e8) :
∑6
ν=1 n(ν) odd};
α1 =
1
2
(e1 − e2 − e3 − e4 − e5 − e6 − e7 + e8), α2 = e1 + e2,
α3 = e2 − e1, α4 = e3 − e2, α5 = e4 − e3, α6 = e5 − e4, α7 = e6 − e5;
δ = 2α1 + 2α2 + 3α3 + 4α4 + 3α5 + 2α6 + α7 = e8 − e7;
	

	

	
 	
 	
 	
 	
×
α1
α2
α3 α4 α5 α6 α7
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The coefficient of α7 in δ is equal to one and the corresponding Hermitian sym-
metric space is E7/E6U1. The set ∆
+
M consists of the following 27 positive roots:
0
0 0 0 0 0 1
0
0 0 0 0 1 1
0
0 0 0 1 1 1
0
0 0 1 1 1 1
0
0 1 1 1 1 1
1
0 0 1 1 1 1
1
0 1 1 1 1 1
1
0 1 2 1 1 1
1
0 1 2 2 1 1
1
0 1 2 2 2 1
0
1 1 1 1 1 1
1
1 1 1 1 1 1
1
1 1 2 1 1 1
1
1 1 2 2 1 1
1
1 2 2 1 1 1
1
1 1 2 2 2 1
1
1 2 2 2 1 1
1
1 2 2 2 2 1
1
1 2 3 2 1 1
1
1 2 3 2 2 1
2
1 2 3 2 1 1
1
1 2 3 3 2 1
2
1 2 3 2 2 1
2
1 2 3 3 2 1
2
1 2 4 3 2 1
2
1 3 4 3 2 1
2
2 3 4 3 2 1
Equivalently, ∆+M consists of
∆+M = {e6 ± eµ : 6 > µ} ∪ {e8 − e7}
∪
{
1
2
(
5∑
ν=1
(−1)n(ν)eν + e6 − e7 + e8
)
:
5∑
ν=1
n(ν) odd
}
.
4. Proof of Theorem 1.1
Let M be a connected orientable real hypersurface in an irreducible Hermitian sym-
metric space M¯ of compact type. Let G = Io(M¯), o ∈M and K = Go the isotropy group
of G at o. We denote by g and k the Lie algebras of G and K, respectively. We continue
using the notations that we introduced in Section 3.
Let g = k ⊕ p be the Cartan decomposition of g. Recall that p = ⊕α∈∆+M Cuα. By
construction, the highest root δ is in ∆+M and so uδ ∈ p.
Lemma 4.1. There exists a subset Ω of ∆+M with |Ω| = rk(M¯) and δ ∈ Ω so that
|uα| = |uβ| for all α, β ∈ Ω and
a =
⊕
α∈Ω
Ruα
is a maximal abelian subspace of p.
Proof. We construct Ω explicitly using the root systems that we introduced in Section 3:
(Ar) For αk: Ω = {e1 − er+1, . . . , ek − er+2−k};
(Br) For α1: Ω = {e1 + e2, e1 − e2};
(Cr) For αr: Ω = {2e1, . . . , 2er};
(Dr) For α1: Ω = {e1 + e2, e1 − e2};
For αr: Ω = {e1+ e2, . . . , er−1+ er} if r is even and Ω = {e1+ e2, . . . , er−2+ er−1}
if r is odd;
(E6) For α6: Ω = {12(e1 + e2 + e3 + e4 + e5 − e6 − e7 + e8), e5 − e4};
(E7) For α7: Ω = {e8 − e7, e6 − e5, e6 + e5}.
It is straightforward to verify the properties stated in the lemma. 
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Since every tangent vector of M¯ at o lies in a maximal abelian subspace of p, and all
maximal abelian subspaces of p are congruent to each other, we can assume that Jξo ∈ a.
Thus we can write
Jξo =
∑
α∈Ω
aαuα
with some aα ∈ R.
Lemma 4.2. If x =
∑
α∈Ω cαuα ∈ a is perpendicular to Jξo ∈ a, then aα = 0 or cα = 0
for each α ∈ Ω.
Proof. Note that x ∈ a ∩ Co. Since both Jξo and x are in a, we have R¯Jξox = 0. Since
x ∈ Co, we also have R¯JξoJx = 0 by Proposition 2.8. This implies R¯ξox = 0, as the
curvature tensor in a Ka¨hler manifold is J-invariant. We have
ξo = −J(Jξo) = −
∑
α∈Ω
aαJuα = −
∑
α∈Ω
aαvα
and therefore
0 = R¯ξox = −[[x, ξo], ξo] = −
∑
α,β,γ∈Ω
cαaβaγ [[uα, vβ], vγ ].
We work out the right-hand side of this equation in more detail. Firstly, we have
[uα, vβ] =
{
0 if α 6= β,
2ihα if α = β.
Inserting this into the previous equation yields
0 =
∑
β,γ∈Ω
cβaβaγ[ihβ , vγ].
Next, we have
[ihβ, vγ] = iγ(ihβ)uγ = −γ(hβ)uγ = −2(γ, β)
(β, β)
uγ =
{
0 if β 6= γ,
−2uγ if β = γ.
Inserting this into the previous equation implies 0 =
∑
β∈Ω cβa
2
βuβ. Since the vectors uβ,
β ∈ Ω, are linearly independent, we get cβ = 0 or aβ = 0 for each β ∈ Ω. 
Lemma 4.3. Jξo is proportional to uα for some α ∈ Ω.
Proof. Let Ω0 = {α ∈ Ω : aα 6= 0} and define a subspace a0 of a by
a0 =
⊕
α∈Ω0
Ruα.
Let d = dim(a0) and assume that d ≥ 2. Then we can find a vector 0 6= x ∈ a0 that is
perpendicular to Jξo. Since x ∈ a, we can write x =
∑
α∈Ω cαuα. Moreover, since x ∈ a0,
we have cα = 0 for all α /∈ Ω0.
As x 6= 0, we must have cα 6= 0 for some α ∈ Ω0. According to Lemma 4.2 this
implies aα = 0, which contradicts α ∈ Ω0. It follows that d = 1, which means that Jξo is
proportional to uα for some α ∈ Ω. 
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The Weyl group of ∆ acts transitively on roots of the same length. By a suitable
transformation in the Weyl group we can arrange that α ∈ Ω (α as in Lemma 4.3) becomes
the highest root δ. We can thus assume, without loss of generality, that Jξo =
1√
2
uδ.
We now define
∆+M(0) = {α ∈ ∆+M : δ − α /∈ ∆+ ∪ {0}} , ∆+M(1) = {α ∈ ∆+M : δ − α ∈ ∆+},
which gives the disjoint union
∆+M = ∆
+
M(0) ∪∆+M(1) ∪ {δ}.
Explicitly, we have
(Ar) ∆
+
M(0) = ∅ if k = 1;
∆+M(0) = {eν − eµ+1 : 2 ≤ ν ≤ k ≤ µ ≤ r − 1} if k ≥ 2;
(Br) ∆
+
M(0) = {e1 − e2};
(Cr) ∆
+
M(0) = {eν + eµ : 2 ≤ ν < µ ≤ r} ∪ {2eν : 2 ≤ ν ≤ r};
(Dr) ∆
+
M(0) = {e1 − e2} if M¯ = G+2 (R2r);
∆+M(0) = {eν + eµ : 3 ≤ ν < µ ≤ r} if M¯ = SO2r/Ur;
(E6) ∆
+
M(0) = {e5− e4, e5− e3, e5− e2, e5− e1, 12(−e1− e2− e3− e4+ e5− e6− e7+ e8)};
(E7) ∆
+
M(0) = {e6 ± ej : 6 > j}.
The set ∆+M(1) can be worked out explicitly from ∆
+
M and ∆
+
M (0) by using ∆
+
M(1) =
∆+M \ (∆+M (0) ∪ {δ}).
These sets arise naturally as eigenspaces of the Jacobi operator R¯Jξo .
Lemma 4.4. The Jacobi operator R¯Jξo is given by
R¯Jξox =


0 , if x ∈ Ruδ ⊕
⊕
α∈∆+M (0)Cuα
1
2
x , if x ∈⊕α∈∆+
M
(1)Cuα
2x , if x ∈ Rvδ.
Proof. Recall that the Riemannian curvature tensor R¯ on M¯ satisfies
R¯(x, y)z = −[[x, y], z] (x, y, z ∈ ToM¯ ∼= p).
We have R¯uδuδ = 0, since R¯ is skew-symmetric in the first two variables. Next,
R¯uδvδ = −[[vδ, uδ], uδ] = 2i[hδ, uδ] = 2δ(hδ)vδ = 4vδ.
If α ∈ ∆+M(0), we have R¯uδuα = 0 and R¯uδvα = 0. Finally, if α ∈ ∆+M(1), we get
R¯uδuα = −[[uα, uδ], uδ] = [[uδ, uα], uδ] = −N−δ,α[uα−δ, uδ] = N−δ,α[uδ, uα−δ]
= N−δ,αNδ,α−δuα.
The coefficient p−δ,α in the (−δ)-string containing α must be zero, which implies N−δ,α =
±1. Similarly, the coefficient pδ,α−δ in the δ-string containing α − δ must be zero, which
implies Nδ,α−δ = ±1. Since M¯ has nonnegative sectional curvature, we get g(R¯uδuα, uα) ≥
0, which implies N−δ,αNδ,α−δ = 1. It follows that R¯uδuα = uα. Analogously, we can prove
R¯uδvα = −[[vα, uδ], uδ] = [[uδ, vα], uδ] = −N−δ,α[vα−δ, uδ] = N−δ,α[uδ, vα−δ]
= N−δ,αNδ,α−δvα = vα.
Taking into account that Jξo =
1√
2
uδ, we get the desired expression for R¯Jξo . 
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We now give a geometric interpretation of the sets ∆+M(0) and ∆
+
M(1). For this we
decompose ToM¯ = p =
⊕
α∈∆+
M
Cuα into
p = p(0)⊕ p(1)⊕ Cuδ
with
p(0) =
⊕
α∈∆+M (0)
Cuα , p(1) =
⊕
α∈∆+M (1)
Cuα.
Let k(0) = [p(0), p(0)] and g(0) = k(0)⊕ p(0). Explicitly, we have
(Ar) k(0) = {0} if k = 1;
k(0) = Rihαk ⊕ suk−1 ⊕ sur−k ∼= u1 ⊕ suk−1 ⊕ sur−k if k ≥ 2, where suk−1 is
generated by the simple roots α2, . . . , αk−1 and sur−k is generated by the simple
roots αk+1, . . . , αr−1;
(Br) k(0) = Rihα1
∼= u1;
(Cr) k(0) = Rihαr ⊕ sur−1 ∼= ur−1, where sur−1 is generated by the simple roots
α2, . . . , αr−1;
(Dr) k(0) = Rihα1
∼= u1 if M¯ = G+2 (R2r);
k(0) = Rihαr ⊕ sur−2 ∼= ur−2 if M¯ = SO2r/Ur, where sur−2 is generated by the
simple roots α3, . . . , αr−1;
(E6) k(0) = Rihα6 ⊕ su5 ∼= u5, where su5 is generated by the simple roots α1, α3, α4, α5;
(E7) k(0) = Rihα7 ⊕ so10 ∼= so2 ⊕ so10, where so10 is generated by the simple roots
α2, α3, α4, α5, α6;
and
(Ar) g(0) = {0} if k = 1 and g(0) ∼= sur−1 if k ≥ 2;
(Br) g(0) ∼= su2;
(Cr) g(0) ∼= spr−1;
(Dr) g(0) ∼= su2 if M¯ = G+2 (R2r);
g(0) ∼= so2r−4 if M¯ = SO2r/Ur;
(E6) g(0) ∼= su6;
(E7) g(0) ∼= so12.
The Cartan decomposition of the semisimple Lie algebra g(0) is g(0) = k(0) ⊕ p(0).
Let G(0) be the connected closed subgroup of G with Lie algebra g(0). Since g(0) =
(g(0) ∩ k) ⊕ (g(0) ∩ p), the orbit Σ(0) = G(0) · o = G(0)/K(0) of G(0) containing o is a
totally geodesic submanifold of M¯ . Explicitly, we have
(Ar) Σ(0) ∼= Gk−1(Cr−1);
(Br) Σ(0) ∼= CP 1;
(Cr) Σ(0) ∼= Spr−1/Ur−1;
(Dr) Σ(0) ∼= CP 1 if M¯ = G+2 (R2r);
Σ(0) ∼= SO2r−4/Ur−2 if M¯ = SO2r/Ur;
(E6) Σ(0) ∼= CP 5;
(E7) Σ(0) ∼= G+2 (R12).
In particular, p(0) is a Lie triple system in p. Obviously, Cuδ is a Lie triple system in p and
the corresponding totally geodesic submanifold of M¯ is CP 1. The subspace Cuδ ⊕ p(0) is
also a Lie triple system in p and the corresponding totally geodesic submanifold of M¯ is
CP 1×Σ(0). Geometrically, CP 1×Σ(0) is a meridian in M¯ (see [9]). The complementary
REAL HYPERSURFACES WITH ISOMETRIC REEB FLOW 21
subspace p(1) is also a Lie triple system in p and the corresponding totally geodesic
submanifold Σ(1) of M¯ is a polar of M¯ (see [9]). Explicitly, we have
(Ar) Σ(1) ∼= CP k−1 × CP r−k;
(Br) Σ(1) ∼= G+2 (R2r−1);
(Cr) Σ(1) ∼= CP r−1;
(Dr) Σ(1) ∼= G+2 (R2r−2) if M¯ = G+2 (R2r);
Σ(1) ∼= G2(Cr) if M¯ = SO2r/Ur;
(E6) Σ(1) ∼= SO10/U5;
(E7) Σ(1) ∼= E6/Spin10U1.
The sets ∆+M(0) and ∆
+
M(1) are therefore intimately related to a particular polar/meridian
configuration in the Hermitian symmetric space M¯ .
We now use Jacobi field theory to investigate the structure of the focal sets of M (see
[3], Section 10.2.2, for details about the methodology). From Corollary 2.13 we know that
M is curvature-adapted and thus we can diagonalize the shape operator S and the normal
Jacobi operator R¯Jξo simultaneously. In particular, the maximal complex subbundle C of
TM is invariant under the shape operator S of M . Note that Co = p(0)⊕ p(1).
Let X ∈ p(0) with SX = xX . Then we also have SφX = xφX , since Sφ = φS by
Proposition 2.5. From Corollary 2.12 we then get x(x− a) = 0. Next, let X ∈ p(1) with
SX = xX . From Corollary 2.12 we see that 2x2 − 2ax − 1 = 0. Since a is constant by
Proposition 2.11, it follows that M is a real hypersurface of M¯ with constant principal
curvatures. We write a =
√
2 cot(
√
2t) with some 0 < t < π√
2
. Then the other possible
principal curvatures of M are b = 0, c = 1√
2
cot( 1√
2
t) and d = − 1√
2
tan( 1√
2
t). Note that
c and d are the two different solutions of the quadratic equation 2x2 − 2ax− 1 = 0. For
x ∈ {a, b, c, d} we define Tx = {X ∈ C : SX = xX}. Then we have
C = Ta ⊕ Tb ⊕ Tc ⊕ Td , p(0) = (Ta ⊕ Tb)o , p(1) = (Tc ⊕ Td)o
and, if Tx is not trivial, Tx is the subbundle of TM consisting of all principal curvature
vectors of M with respect to x which are perpendicular to ξ. Since Sφ = φS, each Tx is
a complex subbundle of TM .
For p ∈M we denote by γp the geodesic in M¯ with γp(0) = p and γ˙p(0) = Jξp, and by
f the smooth map f : M → M¯ , p 7→ γp(t). Geometrically, f is the displacement of M at
distance t in direction of the normal vector field Jξ. For each p ∈ M the differential dpf
of f at p can be computed using Jacobi fields by means of dpf(X) = ZX(t), where ZX
is the Jacobi field along γp with initial values ZX(0) = X and Z
′
X(0) = −SX . Using the
explicit description of the Jacobi operator R¯Jξo in Lemma 4.4 (which holds at any point
of M by using a suitable conjugation) and of the shape operator S, we see that (Ta⊕Tb)p
is contained in the 0-eigenspace of R¯Jξp and (Tc ⊕ Td)p in the 12 -eigenspace of R¯Jξp. For
the Jacobi fields along γp we thus get the expressions
ZX(t) =


(
cos(
√
2t)− a√
2
sin(
√
2t)
)
EX(t) , if X ∈ Rξ(
cos( 1√
2
t)− x√2 sin( 1√
2
t)
)
EX(t) , if X ∈ Tx and x ∈ {c, d}
(1− xt)EX(t) , if X ∈ Tx and x ∈ {a, b} ,
where EX denotes the parallel vector field along γp with EX(0) = X . This shows that
the kernel of df is Rξ ⊕ Tc and that f is of constant rank rk(Ta ⊕ Tb ⊕ Td). So, locally, f
is a submersion onto a submanifold P of M¯ . Moreover, the tangent space of P at f(p) is
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obtained by parallel translation of (Ta ⊕ Tb ⊕ Td)p, which is a complex subspace of TpM¯ .
Since J is parallel along γp, Tf(p)P is a complex subspace of Tf(p)M¯ . Thus P is a complex
submanifold of M¯ .
The vector ηp = γ˙p(t) is a unit normal vector of P at f(p). The shape operator S
P
ηp of
P with respect to ηp can be computed using Jacobi fields via the equation S
P
ηpZX(t) =
−Z ′X(t). From this we immediately get that for each x ∈ {a, b, d} the parallel translate
of (Tx)p along γp from p to f(p) is a principal curvature space of P with respect to ηp,
provided that (Tx)p is nontrivial. Moreover, the corresponding principal curvature is 0 for
x ∈ {b, d} and
√
2 cot(
√
2t)
1−√2 cot(√2t)t for x = a. Any complex submanifold of a Ka¨hler manifold is
minimal and thus Ta is either trivial or t =
π√
8
(in which case the corresponding principal
curvature becomes zero). The vectors of the form ηq, q ∈ f−1({f(p)}), form an open
subset of the unit sphere in the normal space of P at f(p). Since SPηq vanishes for all ηq
it follows that P is totally geodesic in M¯ . As M is connected, rigidity of totally geodesic
submanifolds implies that the entire submanifold M is an open part of a tube with radius
t around a connected, complete, totally geodesic, complex submanifold P of M¯ .
The principal curvatures of M with respect to the normal vector field −Jξ are of
course −a,−b,−c,−d. The corresponding eigenspace distributions do not change and
therefore coincide with Ta, Tb, Tc, Td. Now define s =
π√
2
− t. Then we have 0 < s < π√
2
,
−a = √2 cot(√2s), −b = 0, −c = − 1√
2
tan( 1√
2
s) and −d = 1√
2
cot( 1√
2
s). With exactly
the same arguments as above, just interchanging the roles of c and d, we can show that
the entire submanifold M is an open part of a tube with radius s around a connected,
complete, totally geodesic, complex submanifold Q of M¯ .
We summarize the previous discussion in
Proposition 4.5. Let 0 < t < π√
2
so that a =
√
2 cot(
√
2t) and define s = π√
2
− t. Then
there exist connected, complete, complex, totally geodesic submanifolds P and Q of M¯ so
that M is an open part of a tube with radius t around P and an open part of a tube with
radius s around Q. Moreover, p = γo(t) ∈ P , q = γo(−s) ∈ Q,
TpP = p(0)⊕ (Td)o , νpP = Cuδ ⊕ (Tc)o
and
TqQ = p(0)⊕ (Tc)o , νqQ = Cuδ ⊕ (Td)o,
where we identify tangent vectors along the geodesic γo by parallel translation.
Since p(0), p(0)⊕ (Td)o and p(0)⊕ (Tc)o are Lie triple system in p, the subspace p(0) is
also a Lie triple system in both p(0)⊕ (Td)o and p(0)⊕ (Tc)o. This means that there exist
isometric copies of Σ(0) = G(0)/K(0) in both P and Q and in both cases the embedding
is totally geodesic. The slice representation of K(0) on the two normal spaces νpP and
νqQ leaves Cuδ invariant and hence also (Tc)o and (Td)o. The representation of k(0) on
p(1) = (Tc ⊕ Td)o is as follows:
(Ar) trivial representation of {0} on Cr−1 ∼= p(1) if k = 1;
standard representation of u1 ⊕ suk−1 ⊕ sur−k on Ck−1 ⊕ Cr−k ∼= Cr−1 ∼= p(1) if
k ≥ 2;
(Br) standard representation of u1 on
⊕2r−3
C ∼= p(1);
(Cr) standard representation of ur−1 on Cr−1 ∼= p(1);
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(Dr) standard representation of u1 on
⊕2r−4
C ∼= p(1) if M¯ = G+2 (R2r);
standard representation of ur−2 on Cr−2 ⊕ Cr−2 ∼= C2r−4 ∼= p(1) if M¯ = SO2r/Ur;
(E6) standard representation of u5 on Λ
2C5 ∼= C10 ∼= p(1);
(E7) the irreducible representation of so2⊕ so10 on C16 ∼= p(1) that is induced from the
isotropy representation of E6/Spin10U1. This involves the two inequivalent irre-
ducible spin representations of so10. We only need the fact that this representation
is irreducible, but the interested reader can find an explicit version in [1].
The index i(M¯) of a Riemannian manifold M¯ is the minimal codimension of a (non-
trivial) totally geodesic submanifold. For Riemannian symmetric spaces the index was
first studied by Onishchik in [14] and then by the first author and Olmos in [4] and [5].
In particular, we have
Theorem 4.6. ([5],[14]) The index of an irreducible Hermitian symmetric space M¯ of
compact type satisfies i(M¯) ≥ 2. Moreover, the equality i(M¯) = 2 holds if and only if
M¯ = CP r or M¯ = G+2 (R
2r+1) or M¯ = G+2 (R
2r).
The Hermitian symmetric spaces with i(M¯) = 2 admit totally geodesic complex hy-
persurfaces, namely CP r−1 ⊂ CP r, G+2 (R2r) ⊂ G+2 (R2r+1) and G+2 (R2r−1) ⊂ G+2 (R2r).
Theorem 4.6 implies that the irreducible Hermitian symmetric spaces of compact type
that admit a totally geodesic complex hypersurface are, in our notation, those for which
the root system and corresponding simple root are ((Ar), α1), ((Br), α1) and ((Dr), α1).
The classification of real hypersurfaces with isometric Reeb flow in these Hermitian sym-
metric spaces was obtained by Okumura in [13] and the authors in [6]:
Theorem 4.7. ([6],[13]) Let M be a connected orientable real hypersurface with isometric
Reeb flow in M¯ = CP r or M¯ = G+2 (R
2r). Then M is congruent to an open part of a tube
of radius 0 < t < π/
√
2 around the totally geodesic submanifold Σ in M¯ , where
(i) M¯ = CP r and Σ = CP k, 0 ≤ k ≤ r − 1;
(ii) M¯ = G+2 (R
2r) and Σ = CP r−1, 3 ≤ r.
There exist no real hypersurfaces with isometric Reeb flow in G+2 (R
2r+1), r ≥ 2.
We assume from now on that i(M¯) > 2, or equivalently, that M¯ does not admit a
totally geodesic complex hypersurface. We separate our argument into two cases.
Case 1. The representation of k(0) on p(1) is irreducible.
The representation of k(0) on p(1) is irreducible precisely if the root system is (Cr)
(r ≥ 3), (E6) or (E7). Since [k(0), p(0)] ⊂ p(0), it follows using Proposition 4.5 that
[k(0), (Tc)o] ⊂ (Tc)o and [k(0), (Td)o] ⊂ (Td)o. Since p(1) = (Tc ⊕ Td)o and the represen-
tation of k(0) on p(1) is irreducible, either (Tc)o or (Td)o must be trivial. This implies
that either P or Q is a totally geodesic complex hypersurface of M¯ . This contradicts
i(M¯) > 2. We thus conclude:
Theorem 4.8. There exist no real hypersurfaces with isometric Reeb flow in the Hermit-
ian symmetric spaces Spr/Ur (r ≥ 3), E6/Spin10U1 and E7/E6U1.
Case 2. The representation of k(0) on p(1) is reducible.
The representation of k(0) on p(1) is reducible precisely if the root system and corre-
sponding simple root is ((Ar), αk) (4 ≤ 2k ≤ r + 1) or ((Dr), αr) (r ≥ 4). Note that the
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index of G2(C
4) ∼= G+2 (R6) and of SO8/U4 ∼= G+2 (R8) is equal to 2 and so we exclude
these low-dimensional cases here.
As above, we know that [k(0), (Tc)o] ⊂ (Tc)o and [k(0), (Td)o] ⊂ (Td)o. However, the
representation of k(0) on p(1) has exactly two irreducible components in both cases, which
must coincide with (Tc)o and (Td)o. This allows us to work out P and Q explicitly.
We start with ((Ar), αk) (k ≥ 2). In this case we have
∆+M (0) = {eν − eµ+1 : 2 ≤ ν ≤ k ≤ µ ≤ r − 1}
and
∆+M (1) = {eν − er+1 : 2 ≤ ν ≤ k} ∪ {e1 − eµ+1 : k ≤ µ ≤ r − 1}.
These two subsets of ∆+M (1) induce the reducible decomposition
p(1) =
⊕
α∈∆+M (1)
Cuα ∼= Ck−1 ⊕ Cr−k.
The roots
∆+M(0) ∪ {eν − er+1 : 2 ≤ ν ≤ k} = {eν − eµ+1 : 2 ≤ ν ≤ k ≤ µ ≤ r}
and
∆+M(0) ∪ {e1 − eµ+1 : k ≤ µ ≤ r − 1} = {eν − eµ+1 : 1 ≤ ν ≤ k ≤ µ ≤ r − 1}
define Lie triple systems in p for which the corresponding totally geodesic submanifolds
are Gk−1(Cr) and Gk(Cr), respectively. Since totally geodesic submanifolds are uniquely
determined by their Lie triple systems, we see that P and Q coincide with Gk−1(Cr) and
Gk(C
r) (in no particular order). Thus we proved:
Theorem 4.9. Let M be a real hypersurfaces with isometric Reeb flow in the complex
Grassmann manifold Gk(C
r+1), 4 ≤ 2k ≤ r + 1, (k, r) 6= (2, 3). Then M is congruent to
an open part of a tube around the totally geodesic submanifold Gk(C
r) in Gk(C
r+1).
Next, we consider ((Dr), αr). In this case we have
∆+M(0) = {eν + eµ : 3 ≤ ν < µ ≤ r}
and
∆+M(1) = {e1 + eµ : 2 < µ ≤ r} ∪ {e2 + eµ : 2 < µ ≤ r}.
These two subsets of ∆+M (1) induce the reducible decomposition
p(1) =
⊕
α∈∆+M (1)
Cuα ∼= Cr−2 ⊕ Cr−2.
The roots
∆+M(0) ∪ {e1 + eµ : 2 < µ ≤ r} and ∆+M(0) ∪ {e2 + eµ : 2 < µ ≤ r}
define Lie triple systems in p for which the corresponding totally geodesic submanifolds
are isometric copies of SO2r−2/Ur−1. We conclude that P and Q both coincide with a
totally geodesic SO2r−2/Ur−1. Thus we proved:
Theorem 4.10. Let M be a real hypersurfaces with isometric Reeb flow in the Hermitian
symmetric space SO2r/Ur and r ≥ 5. Then M is congruent to an open part of a tube
around the totally geodesic submanifold SO2r−2/Ur−1 in SO2r/Ur.
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From Theorems 4.7–4.10 we obtain the first part of Theorem 1.1.
It remains to prove that any real hypersurface listed in Theorem 1.1 has isometric Reeb
flow. We first describe ToΣ as a Lie triple system
⊕
α∈∆f Cuα = f ⊂ p, using the root
systems at the end of Section 3.
For CP k ⊂ CP r the root system is (Ar) and
∆f = {e1 − eµ+1 : 1 ≤ µ ≤ k}.
For Gk(C
r) ⊂ Gk(Cr+1) the root system is (Ar) and
∆f = {eν − eµ+1 : 1 ≤ ν ≤ k ≤ µ ≤ r − 1}.
For CP r−1 ⊂ G+2 (R2r) the root system is (Dr) and
∆f = {e1 − eµ+1 : 1 ≤ µ ≤ r − 1}.
For SO2r−2/Ur−1 ⊂ SO2r/Ur the root system is (Dr) and
∆f = {eν + eµ : 2 ≤ ν < µ ≤ r}.
In all cases uδ is perpendicular to f and thus uδ/|uδ| is a unit normal vector of Σ at o.
Consider the geodesic γ in M¯ with γ(0) = o and γ˙(0) = uδ/|uδ|. The point γ(t) is on the
tube Mt of radius t around Σ. The Jacobi operator R¯uδ/|uδ| is given by
R¯uδ/|uδ|x =


0 , if x ∈ Ruδ ⊕
⊕
α∈∆+M (0)Cuα
1
2
x , if x ∈⊕α∈∆+M (1)Cuα
2x , if x ∈ Rvδ.
We decompose ToΣ into ToΣ = T
0
oΣ⊕T 1oΣ with T 0oΣ = ToΣ∩p(0) and T 1oΣ = ToΣ∩p(1).
Since ∆+M(0) ⊂ ∆f, the normal space νoΣ decomposes into νoΣ = ν1oΣ⊕ Cuδ with ν1oΣ =
νoΣ ∩ p(1).
Denote by γ⊥ the parallel subbundle of TM¯ along γ defined by γ⊥γ(t) = Tγ(t)M¯ ⊖Rγ˙(t).
Moreover, define the γ⊥-valued tensor field R¯⊥γ along γ by R¯
⊥
γ(t)X = R¯(X, γ˙(t))γ˙(t). Now
consider the End(γ⊥)-valued differential equation Y ′′ + R¯⊥γ ◦ Y = 0. Let D be the unique
solution of this differential equation with initial values
D(0) =
(
I 0
0 0
)
, D′(0) =
(
0 0
0 I
)
,
where the decomposition of the matrices is with respect to γ⊥o = ToΣ ⊕ (νoΣ ⊖ Rγ˙(0))
and I denotes the identity transformation on the corresponding space. Then the shape
operator S(t) of Mt with respect to −γ˙(t) is given by S(t) = D′(t) ◦ D−1(t) (see [3],
Section 10.2.3). If we now decompose γ⊥o into
γ⊥o = T
0
o F ⊕ T 1o F ⊕ ν1oF ⊕ Rvδ,
we get by explicit computation that
S(t) =


0 0 0 0
0 − 1√
2
tan( 1√
2
t) 0 0
0 0 1√
2
cot( 1√
2
t) 0
0 0 0
√
2 cot(
√
2t)


with respect to that decomposition. The principal curvatures of Mt therefore are 0,
− 1√
2
tan( 1√
2
t), 1√
2
cot( 1√
2
t),
√
2 cot(
√
2t) with multiplicities
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(i) 0, 2k, 2(r − k − 1), 1 for CP k ⊂ CP r;
(ii) 2(k − 1)(r − k), 2(r − k), 2(k − 1), 1 for Gk(Cr) ⊂ Gk(Cr+1);
(iii) 2, 2(r − 2), 2(r − 2), 1 for CP r−1 ⊂ G+2 (R2r);
(iv) (r − 3)(r − 2), 2(r − 2), 2(r − 2), 1 for SO2r−2/Ur−1 ⊂ SO2r/Ur.
Note that in case (i) the number of distinct principal curvatures is 2 (for k = 0) or
3 (for k > 0). In the other three cases there are four distinct principal curvatures.
The corresponding principal curvature spaces are obtained by parallel translation of the
corresponding subspaces in γ⊥o along γ from o to γ(t). By construction, T
0
oΣ, T
1
oΣ, ν
1
oΣ
are J-invariant subspaces and span Co. Since J is parallel, it follows that S(t)φ = φS(t).
From Proposition 2.5 we finally conclude that the Reeb flow on Mt is an isometric flow.
This finishes the proof of Theorem 1.1
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